Gap-acoustic solitons (GASs) are stable pulses that exist in nonlinear Bragg waveguides. They are a mathematical generalization of gap solitons, in which the model includes the dependence of the refractive index on the material density. We derive unified dynamical equations for gap solitons along with Brillouin scattering, which also results from the dependence of the refractive index on the material density. We find accurate values of the coefficients for fused silica. The analysis of the GAS conserved quantities-Hamiltonian, momentum, photon energy (or number of photons), and material mass-shows dramatic differences compared to the model neglecting the dependence of the refractive index on the material density. In particular, subsonic GASs in fused silica have far more momentum at low velocities than at high velocities. The dependence of the GAS momentum on velocity due to acoustic effects is dramatic up to approximately 1% of the speed of light. These momentum-connected effects mean that instability of a slow GAS may make it suddenly accelerate to high speeds, and also that an unstable high-speed GAS can abruptly decelerate to close to zero velocity. The predictions are confirmed by a direct numerical simulation.
INTRODUCTION
A gap-acoustic soliton (GAS) is an optical and acoustic structure that can exist in an optical waveguide with a Bragg grating. The GAS is a generalization of the gap soliton [1] [2] [3] [4] , but includes the dependence of the refractive index on the density of the material. Physically, this dependence is always present, but is not always included in the mathematical description. The correct interaction between sound and light not only provides generalized soliton solutions, but also allows an accurate description of other interactions between light and sound.
The first gap soliton paper did not use the phrase "gap soliton," but rather referred to the equations as the massive Thirring model (MTM) [1] . The solutions were solitons in the strictest sense-the system was shown to be integrable by the inverse scattering method [2, 3] . The soliton frequencies are in the gap between the frequencies of the two continuous wave (cw) solutions. However, the soliton frequencies are not all between the maximum of the lower cw band and the minimum of the upper cw band. For this reason, some authors prefer the term "Bragg soliton" (see, e.g., [4] ).
Independently of the mathematical discovery of gap solitons, a qualitative description and prediction of the still theoretical optical gap solitons was made in [5] . Exact analytical forms for optical gap solitons were found for a nonlinearity with self-phase modulation in addition to cross-phase modulation. Reference [6] found the solutions in the exact middle of the bandgap, and [7] found the full family of gap soliton solutions. This is not a completely integrable system, and the pulses are solitons in the broader sense but not in the narrower sense; so they are not guaranteed to have the stability MTM solitons.
All GASs (as well as all optical gap solitons) are a form of slow (or stopped) light, in the sense that the soliton velocity is slower than the group velocity of light in the medium. Optical gap solitons have been realized experimentally with velocities as low as 23% of the group velocity (or 16% of the speed of light in vacuum) [8] . This may be compared and contrasted with light that is slow in the sense that the group velocity is significantly less than the phase velocity in the medium, generally due to a steep slope of the index of refraction with respect to the frequency in the vicinity or a resonance [9] [10] [11] [12] [13] [14] [15] .
The stability of gap solitons beyond the completely integrable MTM limit (optical gap solitons have nonzero self-phase modulation, and so are not MTM) was not immediately clear. Reference [6] showed one direct numerical simulation of a gap soliton collision in which the individual gap solitons were stable, and the solitons emerged from a collision intact but perturbed. Reference [16] performed variational model calculations of optical gap solitons, which showed some regions where excited modes exist and other regions with instabilities. References [17] [18] [19] rigorously showed that optical gap solitons are stable in the top half of the bandgap and unstable in most of the bottom half of the bandgap. Reference [20] generalized the optical gap soliton equations to a model that includes the dependence of the index of refraction on the density of the material and the phonon-photon interactions that result from it; that is, the effect of light on low wave number acoustic waves [21] , and vice versa, was included in the model, and generalized "gap-acoustic soliton" solutions were found [20] . The GASs are similar to optical gap solitons, but they exhibit many intriguing novel dynamical properties, especially when the soliton velocities are small. A subset of the GAS model, without self-phase modulation, was studied in [22] . Reference [23] found solitons in a system with two short-wavelength light fields interacting with a long-wavelength electromagnetic field; the interaction there is different from that in [20] or in this work, but there are family resemblances. Reference [24] looked at the interaction of light beams, i.e., propagation in space rather than in time, with sound waves via electrostriction.
The dependence of the index of refraction on the density of the material is physically universal. Light interacts with sound waves because the energy density of light is proportional to the refractive index [25] which, in turn, depends on the density. The interaction between light and high wave number acoustic waves-approximately twice the wave numbers of light-is called Brillouin scattering [26] , and the interaction between light and low wave number acoustic waves is generally referred to as electrostriction [27] . Notwithstanding different nomenclatures, the two effects have the same physical source. Brillouin scattering can cause light in a medium to create its own Bragg reflector, and if the input light is a pulse then the outgoing reflected pulse can be shortened by this effect [27] [28] [29] [30] [31] .
Phonon viscosity can be caused by elastic anharmonicity, Rayleigh scattering, vibrational relaxation, and impurities in the medium [32] ; it scales approximately as the square of the wave number. It gives rise to damping of acoustic waves and results in a finite frequency spread for Brillouin scattering. Phonon viscosity has been considered in some detail for propagation of trains of optical solitons and non-solitonic pulses in media without a Bragg lattice [33, 34] .
This work builds on top of [20] , expanding on the physically most important realization the fused silica. We also generalize the model [20] to cover high wave number (Brillouin) acoustic wave interactions as well as low wave number (electrostrictive) acoustic waves, including the derivation of the governing equations for both acoustic waves in a unified manner.
The outline of this paper is as follows. Section 2 gives the governing equations for the relevant electromagnetic and acoustic fields, along with the values of the coefficients for the case of fused silica. The derivation of the governing equations is given in the Appendix A. Section 3 details the general properties of this system. Section 4 gives the soliton solutions and outlines the stability properties. Section 5 takes a closer look at the conserved and quasi-conserved quantities of the system. Section 6 predicts abrupt acceleration and sudden deceleration to zero velocity, based on the conserved quantities, and confirms the predictions with direct numerical simulations. Section 7 contains summary and conclusion.
GOVERNING EQUATIONS AND PHYSICAL PARAMETERS
GASs exist in a nonlinear optical waveguide with a Bragg grating along the axis of the fiber or in a bulk medium if the propagating beams are wide enough so that there are no complex transverse dynamics. Let us take the Bragg grating as uniform, with period Bragg and amplitude of the variation in the index of refraction ⌬n,
where the baseline refractive index implicitly allows the dependence on the frequency of light ͑͒ and on the density of the material ͓W͑z , t͔͒. Light will be in resonance with the grating if it has a wavelength in the medium twice as long as the Bragg wavelength. At light frequencies in resonance with the Bragg grating, forward-moving light will be reflected backward, and backward-moving light will be reflected forward. The result will be a bandgap in the frequency at plus and minus the resonant wave number. The electric field can then be described by two slowly varying envelopes (SVEs) about carrier waves at the same frequency and plus or minus the corresponding resonant wave number. Light interacts with phonons due to the dependence of the refractive index on the density of the medium, which is universal, even though the interaction may sometimes be omitted from models of the system. Phonons can interact with the two SVEs if their wave numbers are twice the wave number of light (or, equivalently, the phonon wavelengths are half the wavelength of the light's carrier wave). Additionally, phonons can interact with light if their wave numbers are close to zero, with a distance scale similar to the distance scales of the envelopes of the light intensity. We consider only lowand high-frequency longitudinal acoustic modes, even though, in general, additional modes are supported. A waveguide has at least three acoustic modes: one longitudinal (also called compression or dilation) mode and two transverse (shear) modes. If the fiber is thick, there may be additional transverse acoustic modes, and thus be an acoustically multi-mode fiber [35, 36] . We assume that one of the acoustic modes is the most important and neglect the others, because the analysis should begin with the most basic acoustic effects and defer to study of multimode and other higher-order effects. For trains of pulses, acoustic waves traveling in a direction normal to the fiber axis, and reflecting off the fiber circumference, have been invoked to account for inter-pulse interactions in communication fibers [21, 34] . This multi-mode effect may be neglected here because it is a higher-order perturbation, and it may not be relevant at all for the individual pulses that we deal with. Figure 1 is a schematic illustration of a fiber waveguide with a periodically varying refractive index with light and sound waves propagating within it. A Bragg grating can be produced by doping the waveguide with ions and imprinting a periodic variation in the index of refraction with ultraviolet light [28] . The derivation of the equations for this system is given in the Appendix A. The electric field and the material density (phonon field) in terms of nontrivial SVEs,
W͑z,t͒ = w 0 ͑z,t͒ + w u ͑z,t͒exp͓2ik 0 ͑z − ␤ s t͔͒ + w v ͑z,t͒exp͓
obey the dynamical equations,
where the values of the coefficients in terms of basic physical quantities are
k͑,W͒ = n͑,W͒/c, ͑4b͒
The more basic underlying physical properties-the refractive index n͑͒, the magnitude of the periodic variation of the refractive index ⌬n (for the Bragg grating), the Kerr nonlinearity ͑3͒ ͑ ; ,− , ͒, the material density W, the slope of the refractive index with density ‫ץ‬n / ‫ץ‬W, the speed of sound in the waveguide ␤ s , and the phonon viscosity in the waveguide ⌫-must in the end be found experimentally.
Some of the physics can be more clearly illustrated by defining two new variables that are combinations of forward-and backward-moving waves,
Using the variables (5), the dynamical equations (3) are
This form eliminates explicit time-dependencies and is more suitable for a direct numerical simulation of the partial differential equations. Moreover, it shows more directly how the Brillouin phonons can act as Bragg scatterers. Let us examine some typical physical coefficients. The most common waveguide material is fused silica. For simplicity, we take the values of the medium in bulk since waveguiding effects are non-universal and the bulk values are suitable as a baseline. Consider light at a wave- length of 0 = 0.8 or 1.55 m. The refractive index in the region between those wavelengths is close to n = 1.45. The nonlinear coefficients can be found in Fig. 2 For an electric field at a frequency of approximately 0 , E͑x , t͒ = u͑x , t͒exp͑ik 0 z − i 0 t͒ + c.c., where u͑x , t͒ is a SVE, the nonlinear polarization is P NL ͑x , t͒Ϸ3 ͑3͒ ͑ 0 ; 0 , − 0 , 0 ͉͒u͑x , t͉͒ 2 u͑x , t͒, or in the frequency space, 
It may also be helpful to express the self-phase modulation coefficient directly in terms of the measured nonlinear coefficient in [37] :
measures the optical and mechanical properties of bulk fused silica. Values which we can use as a typical baseline are the material density W =2.2 g/cm 3 , the refractive index versus density ‫ץ‬n / ‫ץ‬W = 0.2 cm 3 / g, and the speed of sound ␤ s = 5.9 km/ s. The phonon viscosity ⌫ is a function of the Brillouin linewidth ͑⌬ B ͒ and the wavelength ͑ B ͒ at which it is measured. Equating the decay time of the Brillouin phonons B = ͑⌬ B ͒ −1 [28] with the decay distance from Eqs.
For B Ϸ 50 MHz measured at B = 0.5893 m [32] , the phonon viscosity is ⌫ = 6.9ϫ 10 −7 m 2 / s. Lastly, the strength of the Bragg grating imprinted onto the waveguide, ⌬n, cannot be said to have any typical value, but can take vastly different values in different waveguides.
Waveguides can have significantly different optical and acoustic properties than the bulk [35, 36, [38] [39] [40] [41] [42] [43] [44] [45] . This is partly due to variations in the transverse cross-section of the light intensity and partly due to the composite nature of fibers-interfaces between the core and cladding are especially sensitive to opto-mechanical affects and can also absorb acoustic energy. For example, [39, 40] measured the contribution of electrostriction to the Kerr effect for linear light in an optical fiber at low frequencies ͑ es es / ␤ s 2 ͒. This factor is obtained by eliminating the time derivatives in Eq. (3c) and substituting the acoustic deformation w 0 ͑z͒ = ͑ es / ␤ s 2 ͉͒͑u͉ 2 + ͉v͉ 2 ͒ back into the light propagation [Eqs. (3a) and (3b)]. Reference [39] found electrostriction to be equal to 19% of the fast (mainly electronic) contribution to the Kerr effect ͓2͑ 0 / c͒ 2 / k 0 ͔ s [39] , or 16% of the total Kerr effect, and [40] found different values for different fibers, using unpolarized light, including electrostrictive Kerr contributions a few times larger. By comparison, for bulk fused silica and linear polarized light at the wavelength of 0 = 0.8 m, using the (typical) material coefficients above, the electrostrictive contribution to the Kerr coefficient is es es / ␤ s 2 Ϸ 0.46ϫ 10 −8 s 2 /g, and the fast contribution to the Kerr coefficient is ͓2͑ 0 / c͒ 2 / k 0 ͔ s = 1.53ϫ 10 −8 s 2 / g, giving an electrostrictive contribution of 30% of the fast nonlinearity or 23% of the total Kerr effect. At the wavelength of 0 = 1.55 m, es es / ␤ s 2 Ϸ 0.24ϫ 10 −8 s 2 / g, and the fast contribution to the Kerr coefficient is ͓2͑ 0 / c͒ 2 / k 0 ͔ s = 0.75ϫ 10 −8 s 2 /g, giving an electrostrictive contribution of 32% of the fast nonlinearity or 24% of the total Kerr effect. In this instance, the expected contribution of electrostriction toward the Kerr effect at low frequencies in bulk fused silica is not so far from-in fact, surprisingly close to-the values measured in fibers. This is a confirmation of the qualitative and quantitative accuracies of the model herein.
LAGRANGIAN, HAMILTONIAN, AND CONSERVED QUANTITIES
The Bragg-Brillouin-Kerr system (3) can be written in terms of a Lagrangian density in the limit in which phonon viscosity vanishes, ⌫ =0,
Here we have introduced a potential for the slowly varying phonon field,
where z 0 is an arbitrary constant. A Hamiltonian H can be derived from this Lagrangian. It is a conserved quantity, and three additional conserved quantities exist; the conserved quantities are the Hamiltonian H, momentum P, photon energy N (also called the number of photons), and material mass M,
Here A is the area of the transverse cross-section of the guided mode. Actually, the most general conserved quantity corresponding to the invariance of the system with respect to an additive constant in r͑z , t͒ is not as in Eq. (8a), but ͐ −ϱ ϱ r t dz (with a multiplicative and an additive constant). Because the reference density w 0 in our model goes to zero at plus and minus infinities, we can define M as in Eq. (8a) without fear of divergence on an infinite domain. Note that H in Eq. (8d) is not all the physical energy in the system, but excludes a constant (N, the energy in the electromagnetic field) that does not affect the dynamics. If phonon viscosity is nonzero, the acoustic fields decay. The photon energy (or number of photons) N and the mass M remain constants of motion in the presence of phonon viscosity, but the momentum P and Hamiltonian H decay.
GAP-ACOUSTIC SOLITONS
If the Brillouin fields ͑w u , w v ͒ and phonon viscosity ͑⌫͒ in Eqs. (3) are neglected, there is a family of GAS solutions [20] ,
w͑z,t͒ = es
where
and ␣ must be real-valued. In the quiescent limit ͑␤ =0͒, these are also solutions for nonzero phonon viscosity ͑⌫ Ͼ 0͒. The solitons (9) and (10) 
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At the typical coefficients given above for bulk fused silica, the critical velocities at the two frequencies are ␤ cr ͑0.8 m͒ = 6.46 km/ s = 1.10␤ s and ␤ cr ͑1.55 m͒ = 6.50 km/ s. Bright supersonic as well as subsonic solitons exist if the critical velocity ␤ cr is less than the speed of light in the medium, which will hold in all but very exotic circumstances. (The equations suggest the existence of a dark soliton [46] in the supersonic region ␤ s Ͻ ␤ Ͻ ␤ cr , but we choose to limit this paper to bright solitons.)
The GASs (9) and (10) reduce to standard gap solitons [7] in the limit of zero electrostriction ͑ es = es =0͒. There are resemblances to solitons in the Zakharov system [47] [48] [49] [50] [51] [52] , in that both contain dispersive equations coupled to a non-dispersive equation, interaction with the nondispersive field changes the amplitude of the soliton, and the non-dispersive field takes a profile the same shape as the soliton intensity; furthermore, like GASs, Zakharov solitons have different dynamics above and below the velocity of the non-dispersive field, with instabilities for the faster solitons. Below the speed of sound, the accompanying phonon pulse is a compression, and above the speed of sound the phonon pulse is a rarefaction. The amplitude of the acoustic pulse goes to zero when the soliton velocity approaches the speed of sound ␤ s from below; the amplitude of the acoustic pulse goes to infinity when the soliton velocity approaches the critical velocity ␤ cr from above. Physically, at slightly above the critical velocity, linearization of the refractive index against the material density will not be a valid approximation, and physical GASs will not exist in that range without modification. Figure 2 shows a quiescent GAS with a soliton parameter Q = / 2, material properties typical of fused silica, and a wavelength of 0.8 m. Figure 3 shows a similar GAS, but with velocity ten times the speed of sound. Figure 4 shows a GAS with velocity equal to half the group velocity of light in the medium.
Note that there are no purely optical solitons without an acoustic component; purely acoustic pulses are possible. In the case of zero phonon viscosity ⌫ = 0, these have the form u = v = 0, while the phonon field w is a combination of two arbitrary functions, w͑z , t͒ = w + ͑z − ␤ s t͒ and w − ͑z + ␤ s t͒, which represent forward-and backwardmoving acoustic waves.
GAS ENERGY, MOMENTUM, PHOTONS, AND MASS
A lot of physics can be inferred from the conserved (or quasi-conserved for finite ⌫) quantities M , N , P , H for a GAS. The soliton's mass, photon energy (or number of photons), momentum, and energy are obtained by substituting the soliton formulas (9) and (10) into Eqs. (8) to obtain
Recall that A is the area of the transverse modes of the fields in the waveguide; set it to unity for M, N, P, H per unit area. There is an implicit dependence on the GAS velocity ␤ via the GAS amplitude factor ␣. Note that the dependence on the parameter Q is quite simple. In Eq. (12c) for the soliton momentum, the first two terms on the right hand side are the momentum carried by light, and the third term is the momentum in the acoustic field. creases in value) as a function of velocity. Above the critical velocity, the photon energy (also called the number of photons) N in the soliton decreases with velocity. The momentum of supersonic GASs first decreases with velocities above the critical velocity due to the change in mass of the soliton. Then, near ␤ = 9.34ϫ 10 5 m/s=158␤ s = v g / 221, the momentum increases, when the momentum in the photons is more than the momentum in the phonons. At even higher velocities, ␤ = 1.68ϫ 10 9 m/s = 0.81v g , the momentum decreases again because the positive self-phase modulation decreases the intensity of the GAS. The Hamiltonian of supersonic GASs first decreases quickly, then flattens out, and at close to the group velocity there is a moderate increase and then a sharp drop.
SUDDEN ACCELERATION AND DECELERATION
Some predictions about GAS dynamics can be made based on the quasi-conserved quantities, given in Eqs. (8) and illustrated in Figs. 5-8. The momentum P GAS is especially critical. If a soliton experiences a supersonic instabilitythe instability of the GAS when the velocity is larger than the speed of sound (see [20] )-the system following the instability cannot have more Hamiltonian, momentum, or photon energy than the original soliton. Because some of the faster-moving solitons have less momentum than the slower-moving solitons (and not significantly less Hamiltonian either), a slow-moving soliton may decay into a fast-moving soliton. And if a fast-moving soliton experiences an instability, the large momenta contained in slow but non-quiescent solitons may keep the soliton from decaying by slowing down to anything more than velocity at virtually zero.
The supersonic instability leading to the abrupt acceleration of a GAS can be seen in Figs. 9-12. Both simulations assume that the medium is fused silica, with a central wavelength of 0.8 m, and a Bragg scattering coefficient of = 90/ cm (which is relatively large, making the GASs shorter and more intense). The first simulation is for a GAS with Q = / 3 and an initial velocity ten times the speed of sound, ␤ =10␤ s . The instability takes hold, and the result is a GAS with the same Q and velocity ␤ = 1.2ϫ 10 7 m/s=1600␤ s = 0.046v g . A density variation is left behind when the new fast-moving GAS runs away. You can also observe high-frequency acoustic waves w u , w v developing initially before the GAS accelerates, then getting left behind, and also visible is a tail (or wake) of high-frequency acoustic waves following the fast-moving soliton. In the second simulation displayed, the initial conditions are the same, except that the Q-value of the (Color online) GAS in fused silica with initial velocity ten times the speed of sound, ␤ =10␤ s , and Q = / 3. Following realization of the supersonic instability, a much faster GAS ͑␤ = 1600␤ s ͒ is produced, and a slowly decaying density variation remains behind.
initial GAS is / 2. After the instability, some light is emitted left and right to dispersive (non-soliton) radiation, and the remaining light reforms a GAS with Q = 0.25 and Q, and velocity ␤ = 1.2ϫ 10 7 m/s=2000␤ s = 0.058v g .
The supersonic instability leading to the sudden deceleration of a GAS to zero velocity can be seen in Figs. 13 and 14. As above, the medium is fused silica, the central wavelength is 0.8 m, and the Bragg coefficient is = 90/ cm. The initial soliton has Q = / 3 and velocity ␤ = 6.9ϫ 10 5 m/s=v g / 300= 117␤ s . The instability takes hold and stops the soliton. There are 5 orders of magnitude between the speed of sound and the speed of light, so the light oscillates many times within the interaction region while the low wave number acoustic wave develops and expands outward relatively slowly. The high wave number (Brillouin) phonons ͑w u , w v ͒ also develop, but play a very minor role in this instance.
CONCLUSIONS
We derived a set of propagation equations to describe light in a nonlinear fiber with a Bragg grating, coupled by electrostriction to low-frequency (sound) and highfrequency (ultrasonic) acoustic waves. Forward-and backward-moving light in the vicinity of the bandgap can interact with acoustic waves of low wave numbers-in which case the interaction is generally referred to as electrostriction-or high wave numbers, twice the wave number of light-in which case the interaction is called Brillouin scattering.
There is a localized structure in this system, a gapacoustic soliton (GAS), for the case when Brillouin scattering may be neglected and when phonon viscosity is zero. GASs exist in the same bandgap as standard gap Fig. 9 . The Brillouin waves are initially zero and grow due to excitation by the light. When the GAS suddenly speeds up, some Brillouin waves are left behind, and the now faster-moving soliton produces its own wake. waves interacting with the light in the run depicted in Fig. 11 . As in the prior simulation, the Brillouin waves are initially zero and grow due to excitation by the light. When the GAS suddenly speeds up, some Brillouin waves are left behind, and the now faster-moving soliton produces its own wake. solitons (without electrostriction). GASs exist at velocities from zero up to the group velocity of light in the medium, except for a velocity gap from the speed of sound, just below which the phonon component of the GAS approaches zero, up to a critical velocity (which is about 10% higher than the speed of sound for the case of fused silica), just above which the acoustic component of the GAS is asymptotically large.
Electrostriction introduces a "supersonic" instability for GASs moving faster than the speed of sound [20] . In most cases, the result of the supersonic instability was the re-formation of a new GAS at a different velocity. By analyzing the GASs' conserved quantities-especially the momentum, which due to the acoustic parts of the soliton is much higher at many low velocities than at many high velocities. We predicted that the post-instability GASs may in some cases have velocities much higher than that of the original soliton. In other cases, the resulting soliton may have velocity almost equal to zero. These predictions of the abrupt acceleration and drastic deceleration are confirmed by a direct numerical simulation of the system. For a waveguide of fused silica (i.e., glass), the momentum and acoustic effects dominate the solitons' behavior when the velocity is less than approximately 0.5% of the group velocity of light. The usual gap soliton model, in which the dependence of the refractive index on the material density is neglected, may be accurate when the solitons are moving at more than 1% of the speed of light, but at slower velocities the GAS model is essential.
APPENDIX A: PROPAGATION EQUATIONS FOR LIGHT AND SOUND
Light propagation is governed by the Maxwell's equations, and sound propagation in glass can be described by the wave equation with a viscosity term. Light and sound interact via electrostriction. For optical gap solitons, light is centered at one frequency, but the direction can be either forward or backward; the electromagnetic field's dynamics can then be described by two separate equations: one for the forward-moving light and one for the backward-moving light. The acoustic fields that interact with this light can be of high or low wave number. The high wave number acoustic fields can be either forwardor backward-moving. The low wave number acoustic field is centered at wave number zero. The acoustic field for this system can then be broken down into three equations: two for the high wave number phonons and one for the low wave number phonons.
Electromagnetic Field Equations with Phonon Perturbations
Starting from the Maxwell's equations, we can consider an isotropic medium without free charges, currents, or magnetic polarization. Bragg and Brillouin scattering from acoustic waves will be included as extensions of this. The electromagnetic field and the linear and nonlinear polarization of the medium obey
The dependence of polarization P = P linear + P NL on the electromagnetic field E , B is taken to have a part which is linear in the electromagnetic field, with an additional dependence on the density of the material,
where the expression on the right hand side, relating the electric displacement to electric field via a frequencydependent index of refraction, holds in the frequency space as well as in real space for monochromatic fields. We have indicated a dependence of the refractive index n on the density of the material w. Part of the polarization arises from a third-order Kerr nonlinearity, 
A Fourier transform in the spatial dimensions gives the wave equation in momentum space,
If the nonlinear polarization is transverse, which is the case for the Kerr nonlinearity (A2b), and the electric field is transverse, the last terms on the right-hand sides of Eqs. (A4) vanish. The basic optical gap soliton has one (nontrivial) spatial dimension, and for light of one polarization, we reduce the mathematical model to
or, equivalently,
Considering the wave equations (A5) in the vicinity of frequency 0 and wave number k 0 , completing the square for the quadratic equation, Taylor expanding in the small terms, and truncating we find 0 = ͫ ͑k 0 + ␦k͒ where k 0 = ±n͑ 0 ͒ 0 / c is the phase velocity and k 0 Ј = ͑d / d͓͒n͑͒ / c͔ = 0 is the reciprocal of the group velocity ͑v g ͒. Where arguments of the index of refraction are not given explicitly, they are based on an average value at a baseline material density W. The result will be an equation for a SVE about a carrier wave with wave vector ͑k 0 , 0 ͒. Equations (A7) apply to any quasi-monochromatic electromagnetic field with any nonlinearity. For the optical gap soliton, there is one frequency of light in the system, and light may be traveling forward or backward. The electric field E may then be written as two SVEs about carrier waves with frequencies = 0 and wave numbers k = ±k 0 = ±n͑ 0 ͒ 0 / c. The acoustic fields that may interact with these light fields are those centered at wave numbers k = 0 and ±2k 0 . If the speed of sound, which we refer to as ␤ s , is constant, then the frequencies of the acoustic waves are simply the speed of sound ͑␤ s ͒ times the wave numbers. We also allow the index of refraction to have a small component at half the wavelength of light, which will act as a Bragg scatterer, 
